Introduction
A classical discrete dynamical system is a pair (X, f ), where X is a nontrivial metric space with a metric d and f : X −→ X is a continuous map. Let N = {1, 2, 3, . . .} and Z + = {0, 1, 2, . . .}.
Let (X, f 1,∞ ) be a non-autonomous discrete system. That is, f 1,∞ = (f n ) ∞ n=1 is a sequence of continuous maps on a metric space (X, d). It is clear that if f n = f for any integer n ≥ 1, then the non-autonomous discrete system (X, f 1,∞ ) is just a classical discrete dynamical system. For any positive integers i and n, we set f n i = f i+(n−1) • · · · • f i and f 0 i = id X . The orbit of any point x ∈ X is the set {f n 1 (x) : n ∈ Z + } = orb(x, f 1,∞ ).
We denote by (X, f
[k]
1,∞ ) the k-th iterate of (X, f 1,∞ ), where f
1,∞ = (f k k(n−1)+1 ) ∞ n=1 . Non-autonomous discrete systems were mentioned and studied in [7, 8] . They also were relevant to non-autonomous difference equations (see [3, 4] ). Let W denote one of the following eight properties: Li-Yorke chaos, dense chaos, dense δ-chaos, generic chaos, generic δ-chaos, Li-Yorke sensitivity, sensitivity and spatio-temporal chaos. In [27] , Wu and Zhu proved that for a non-autonomous discrete system (X, f 1,∞ ) on a compact metric space which converges uniformly to a map, the W-chaoticity of sequences with the form (f n • · · · • f 1 )(x) was inherited under iterations. In 2015, Huang et al. presented some sufficient conditions of sensitivity and cofinitely sensitivity for non-autonomous systems on nontrivial metric spaces (see [6] ).
Over the last ten years or so, many research works have been devoted to the sensitivity of discrete dynamical systems (see [5, ). One of the most significant features is the introduction of some stronger forms of sensitivity for discrete dynamical systems in [15] . In [18] , Tan and Zhang defined sensitive pairs via Furstenberg families and considered the relation of the following three notions: sensitivity, F -sensitivity and F -sensitive pairs, where F is a Furstenberg family. They also gave some sufficient conditions for transitive systems to have F -sensitive pairs and gave some examples showing that F -sensitivity cannot imply the existence of F -sensitive pairs, and that there is no immediate relation between the existence of sensitive pairs and Li-Yorke chaos. In particular, Tan and Zhang proved that if the system (X, f ) is F s -transitive, then there exists δ > 0 such that {n ∈ Z + : diamf n (U ) > δ} ∈ F s for any non-empty open subset U ⊂ X (see [18] ). In 2009, Tan and Xiong introduced the notion of (F 1 , F 2 )-chaos via Furstenberg family couple F 1 , F 2 and obtained some sufficient conditions for a discrete dynamical system to be (F 1 , F 2 )-chaos (see [17] ), and they pointed out that for a discrete dynamical system, Li-Yorke chaos and distributional chaos can be treated as chaos in Furstenberg families sense. In [9] , Li proved that (F 1 , F 2 )-chaos and (F 1 , F 2 )-δ-chaos are topological conjugacy invariant. In [26] , Wu and Zhu gave the concepts of dense (
At the same time, they presented some equivalent conditions between F -sensitivity and (F 1 , F 2 )-chaos. In [21, 23] , Wu et al. proved that (F 1 , F 2 )-sensitivity of a discrete dynamical system is inherited in its inverse limit dynamical system.
In this paper, we introduce the weak (F 1 , F 2 )-sensitivity for discrete systems and study the problems on iteration invariants for (F 1 , F 2 )-sensitivity and weak (F 1 , F 2 )-sensitivity of non-autonomous discrete systems.
Preliminaries
Let Z + be the set of non-negative integers and P be the collection of all subsets of Z + . For a subset F of P, it is called a Furstenberg family, if it is hereditary upwards, i.e., F 1 ⊂ F 2 and F 1 ∈ F imply F 2 ∈ F (see [1] ). For a family F , the dual family (see [1] ) is
For i ∈ Z + and F ∈ P, set F + i = {j + i : j ∈ F } ∩ Z + and F − i = {j − i : j ∈ F } ∩ Z + . A Furstenberg family F is called positively translation-invariant, if for any F ∈ F and any i ∈ Z + , F + i ∈ F . A Furstenberg family F is called negatively translation-invariant, if for any F ∈ F and any i ∈ Z + , F − i ∈ F . Let F inf be the collection of all infinite subsets of Z + .
For A ⊂ Z + , define
and dens(A) = lim inf
Then, dens(A) and dens(A) are the upper density and the lower density of A, respectively. Fix any α ∈ [0, 1] and denote by M α (resp. M α ) the family consisting of sets A ⊂ Z + with dens(A) ≥ α (resp. dens(A) ≥ α).
Definition 2.1 ([26]
). Let (X, f ) be a discrete dynamical system on a metric space (X, d) and F i be a Furstenberg family for every i ∈ {1, 2}. (X, f ) is said to be (1) (F 1 , F 2 )-sensitive, if there exists some δ > 0 such that for any x ∈ X and any ε > 0, there exists some y ∈ X with d(x, y) < ε such that the following hold:
(2) Li-Yorke sensitive, if there exists δ > 0 such that for any x ∈ X and any ε > 0, there exists y ∈ X with d(x, y) < ε such that lim inf n→∞ d(f n (x), f n (y)) = 0 and lim
Definition 2.2. Let (X, f ) be a discrete dynamical system on a metric space (X, d) and F i be a Furstenberg family for every i ∈ {1, 2}. (X, f ) is said to be weakly (F 1 , F 2 )-sensitive, if there exists some δ > 0 such that for any nonempty open set U ⊂ X, there exist x, y ∈ U such that
Similarly, for non-autonomous discrete systems one can give the following definitions.
Definition 2.3. Let (X, f 1,∞ ) be a non-autonomous discrete system on a metric space (X, d) and F i be a Furstenberg family for every i ∈ {1, 2}. (X, f 1,∞ ) is said to be
there exists some δ > 0 such that for any x ∈ X and any ε > 0, there exists some y ∈ X with d(x, y) < ε such that
2) Li-Yorke sensitive, if there exists δ > 0 such that for any x ∈ X and any ε > 0, there exists y ∈ X with d(x, y) < ε such that lim inf
Clearly, (X, f 1,∞ ) is Li-Yorke sensitive, if and only if it is (F inf , F inf )-sensitive.
Definition 2.4. Let (X, f 1,∞ ) be a non-autonomous discrete system on a metric space (X, d) and F i be a Furstenberg family for every i ∈ {1, 2}. (X, f 1,∞ ) is said to be weakly (F 1 , F 2 )-sensitive, if there exists some δ > 0 such that for any nonempty open set U ⊂ X, there exist x, y ∈ U such that
In [13] , the properties P (k) and Q(k) of Furstenberg families are proposed for studying the problem on iteration invariants for (F 1 , F 2 )-scrambled set. Inspired by [13] , we define the properties P (k) and Q(k) of the Furstenberg family.
Definition 2.5. Let k be a positive integer and F be a Furstenberg family.
(1) F is said to have the property P (k), if for any F ∈ F , there exists j ∈ {0, 1, . . . , k − 1} such that for each m ∈ N,
(2) F is said to have the property Q(k), if for any F ∈ F and any m ∈ N,
Remark 2.6. It is not difficult to verify that both F inf and M α (α ∈ [0, 1]) have the properties P (k) and Q(k) for any k ∈ N.
Let f 1,∞ = (f n ) ∞ n=1 be a sequence of continuous maps on a metric space (X, d). We say that (X, f 1,∞ ) is a non-autonomous discrete system (see [8] ). Also, the following lemma will be applied to the main results.
Lemma 2.7 ([27]
). Suppose that non-autonomous discrete system (X,
Main results
In this section, inspired by [27] we study the problems on iteration invariants for (F 1 , F 2 )-sensitivity and weak (F 1 , F 2 )-sensitivity for non-autonomous discrete systems.
Theorem 3.1. Let (X, f 1,∞ ) be a non-autonomous discrete system which converges uniformly to a map f and F 1 and F 2 be two Furstenberg families such that F 1 and F 2 have the property P (k), and that
Proof.
(1) Since {f 1,∞ } converges uniformly to f , by Lemma 2.7, for any ε > 0, there are ξ(ε) > 0 and N (k) ∈ N such that for any x, y ∈ X with d(x, y) < ξ(ε), any n ≥ N (k) and any j ∈ {0, 1, . . . , k − 1}, one has F 2 ) -sensitive, by the definition, for the above ξ(ε) > 0, any x ∈ X and any δ > 0, there exists y ∈ X with d(x, y) < δ and
As the family F 1 has the property P (k), there exists j ∈ {0, 1 . . . , k − 1} such that for each m ∈ N,
It is clear that for any i ∈ F k,j,N (k) , ki + j ∈ F and ki + j + 1 > N (k). This implies that
and F 1 is positively translation-invariant, F k,j,N (k) + 1 ∈ F . Clearly,
where F k,j,N (k) + 1 = {i + 1 : i ∈ F k,j,N (k) }. By the above argument one has
where
(2) By the definition, there is a δ > 0 such that for the above pair x, y ∈ X,
As F 2 has the property P (k), there exists a j ∈ {0, 1, . . . , k − 1} such that for each m ∈ N,
Since {f 1,∞ } converges uniformly to f , by Lemma 2.7, for δ > 0, there exist δ(k) > 0 and N (k) ∈ N such that for any pair x, y ∈ X with d(x, y) < δ(k) and any n ≥ N (k), for each j ∈ {0, 1,
for any j ∈ {0, 1, . . . , k − 1}. That is,
for any j ∈ {0, 1, . . . , k − 1}. This is a contradiction, since
Thus, by the definition, f
Theorem 3.2. Let (X, f 1,∞ ) be a non-autonomous discrete system which converges uniformly to a map f and F 1 and F 2 be two Furstenberg families such that F 1 and F 2 have the property Q(k), and that F 2 is negatively translation-invariant. If f
(1) Since {f 1,∞ } converges uniformly to f , by Lemma 2.7, for any ε > 0, there are ξ(ε) > 0 and N (k) ∈ N such that for any x, y ∈ X with d(x, y) < ξ(ε) and any n ≥ N (k), one has d(f
Since f F 2 ) -sensitive, by the definition, for the above ξ(ε) > 0, any x ∈ X and δ > 0, there exists y ∈ X with d(x, y) < δ and
By Lemma 2.7, we have that
for any integer n ≥ N (k). As the family F 1 has the property Q(k), there exists a j ∈ {0, 1, . . . , k − 1} such that
(2) By the definition, there is a δ(k) > 0 such that for the above pair x, y ∈ X,
Since {f 1,∞ } converges uniformly to f , by Lemma 2.7, for the above δ(k) > 0, there are δ > 0 and N (k) ∈ N such that for any p, q ∈ X with d(p, q) ≤ δ and any
2 for each j ∈ {0, 1, . . . , k − 1}. Without loss of generality, we can assume that there exists h such that N (k) = hk and k(i − 1) + j > N (k) for any integer i > h and any j ∈ {0, 1, . . . , k − 1}. Clearly, for any i ∈ E,
By Lemma 2.7, we have that d(f
for any integer i > h and any j ∈ {0, 1, . . . , k − 1}. If
by Lemma 2.7, we can deduce a contradiction. As i∈E,i>h
and the family F 2 is negatively translation-invariant,
By Theorems 3.1 and 3.2, we have the following corollary.
Corollary 3.3. Let (X, f 1,∞ ) be a non-autonomous discrete system which converges uniformly to a map f and F 1 and F 2 be two Furstenberg families such that F 1 and F 2 have the properties P (k) and Q(k), and that F 1 and F 2 are translation-invariant. Then the following three results are equivalent:
Careful readers can check that some slight changes in the proof of Theorems 3.1 and 3.2 lead to the following theorems. Theorem 3.4. Let (X, f 1,∞ ) be a non-autonomous discrete system which converges uniformly to a map f and F 1 and F 2 be two Furstenberg families such that F 1 and F 2 have the property P (k), and that F 1 is positively translation-invariant. If f 1,∞ is weakly (F 1 , F 2 )-sensitive, then so is f
Theorem 3.5. Let (X, f 1,∞ ) be a non-autonomous discrete system which converges uniformly to a map f and F 1 and F 2 be two Furstenberg families such that F 1 and F 2 have the property Q(k), and that F 2 is negatively translation-invariant. If f
1,∞ is weakly (F 1 , F 2 )-sensitive for some integer k ≥ 2, then so is f 1,∞ .
By Theorems 3.4 and 3.5, we have the following corollary.
Corollary 3.6. Let (X, f 1,∞ ) be a non-autonomous discrete system which converges uniformly to a map f and F 1 and F 2 be two Furstenberg families such that F 1 and F 2 have the properties P (k) and Q(k), and that F 1 and F 2 are translation-invariant. Then the following three results are equivalent:
At the end of this paper, some examples are given to illustrate some applications of our main results.
Example 3.7. Let (X, f ) be a weakly mixing system. Applying [2, Corollary 3.9] implies that (X, f ) is Li-Yorke sensitive, i.e., (
As F inf is positively translationinvariant and has the property P (k) for any k ∈ N, it follows from Theorem 3.1 that (X, f for any (. . . , x −2 , x −1 ; x 0 , x 1 , x 2 , . . .) ∈ Σ 2 . Clearly, σ is a homeomorphism and is called the shift map on Σ 2 . Define a non-autonomous discrete system f 1,∞ = (f n ) ∞ n=1 with f n = σ, n ∈ +∞ i=0 {4i + 1, 4i + 2, 4i + 3}, σ −1 , n ∈ {4i : i ∈ N}.
It is not difficult to verify that f 1,∞ ) is LiYorke sensitive. Clearly, f 1,∞ does not converge uniformly. Therefore, this example also shows that there exists a non-autonomous discrete system which does not converge uniformly satisfying the conclusions of Theorems 3.1 and 3.2.
